
Automated Reasoning I, 2025/2026
Sample Solutions

Exercise 11.6

Part (a) We have to show that a set S of closed first-order formulas with equality is
unsatisfiable if and only if some finite subset S′ ⊆ S is unsatisfiable.

The “if” part is trivial. For the “only if” part let S be a set of closed first-order
formulas with equality. By Proposition 4.1 and its extension to sets of formulas, Eq(Σ)∪
S̃ is unsatisfiable as well. Since Eq(Σ) ∪ S̃ is a set of closed first-order formulas without
equality, we can apply Thm. 3.42, therefore there exists an unsatisfiable finite subset M
of Eq(Σ) ∪ S̃. We can write M as M ′′ ∪M ′, where M ′′ ⊆ Eq(Σ) and M ′ ⊆ S̃. Because
M ′ ⊆ S̃, there exists a finite subset S′ ⊂ S such that M ′ = S̃′. Since M = M ′′ ∪ S̃′ is
unsatisfiable and M ′′ ⊆ Eq(Σ), Eq(Σ) ∪ S̃′ is unsatisfiable, therefore by Proposition 4.1,
S′ is unsatisfiable as well.

Part (b) For every n ≥ 2 let Gn be the first-order formula

∃x1, . . . ,∃xn
∧

1≤i<n

∧

i<j≤n

¬ xi ≈ xj,

which expresses the fact that the universe of an interpretation contains at least n different
elements. Suppose that F does not have a model with an infinite universe. Then
{F} ∪ {Gn | 2 ≤ n } is unsatisfiable. By the compactness theorem for first-order logic
with equality, we know that {F} ∪ {Gn | n ≤ 2 } has a finite unsatisfiable subset S′.
Let m be the maximal number such that Gm occurs in S′. Then F does not have any
model with m or more elements, since any model of F with m or more elements would
be a model of {F} ∪ {Gn | 2 ≤ n ≤ m } and thus a model of S′.

Exercise 12.3

Part (a) Assume that R is right-reduced and all right-hand sides of rules in R are
ground. For any term t, let rpos(t) be the multiset of all R-redex positions of t, that is,
the multiset of all positions p of t such that t|p is an instance of a left-hand side of a rule
of R. Let ≻ be the multiset extension of the prefix order > on positions.

We will show that s →R t implies rpos(s) ≻ rpos(t): Suppose that s →R t using a
rule l → r ∈ R at position p. Then s = s[lσ]p and t = s[rσ]p, and rpos(s) contains p.
Note that r is ground, therefore rσ = r.

Let q be a position in rpos(t). Since R is right-reduced, r is R-irreducible, therefore
q ≥ p is impossible. Consequently, we have either q < p or q ‖ p. If q ‖ p, then q is
also contained in rpos(s). Therefore the only elements q of rpos(t) that are possibly not
contained in rpos(s) are those with q < p. Consequently, we obtain rpos(t) from rpos(s)
by removing p and possibly adding positions that are smaller than p, which means that
rpos(s) ≻ rpos(t). Since ≻ is well-founded, R must be terminating.
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Part (b) The term rewrite system R = {f(b, x) → f(x, b)} is right-reduced, but not
terminating, since f(b, b) →R f(b, b) →R f(b, b) →R . . . .

Exercise 12.5

Let Σ = {f/2, c/0}, let E = {f(x, x) ≈ c, f(x, c) ≈ c, f(c, x) ≈ c}. Since every term
in TΣ({x1}) is either x1 itself of can be iteratively rewritten to c using E, the universe
of T = TΣ({x1})/E consists of only two congruence classes, namely [x1] = {x1} and
[c] = TΣ({x1}) \ {x1}. Since fT maps [x1], [x1] to [c] and [x1], [c] to [c] and [c], [x1] to [c]
and also [c], [c] to [c], the E-algebra T is a model of ∀x, y f(x, y) ≈ c.

On the other hand, the universe of T ′ = TΣ({x1, x2})/E contains among others the
two distinct congruence classes [x1] and [x2], and fT ′ maps [x1], [x2] to [f(x1, x2)], which
is different from [c], therefore the E-algebra T ′ is not a model of ∀x, y f(x, y) ≈ c.

There are more elaborate examples of sets E of Σ-equations for which there are equa-
tions that hold in TΣ({x1, . . . , xn})/E but not in TΣ({x1, . . . , xn, xn+1})/E for every
n ∈ N.
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