3.5 Normal Forms and Skolemization

Study of normal forms motivated by
e reduction of logical concepts,
e cfficient data structures for theorem proving.

The main problem in first-order logic is the treatment of quantifiers. The subsequent
normal form transformations are intended to eliminate many of them.

Prenex Normal Form (Traditional)

Prenex formulas have the form

Ql.ﬁUl e ann F,

where F' is quantifier-free and Q; € {V,3}; we call Q21 ... Q,x, the quantifier prefix
and F' the matrix of the formula.

Computing prenex normal form by the reduction system = p:

H|(F < G)], =p H[(F -G AN(G—F),
H[ﬁQSL’ F]p =p H[Qx —|F]p
H[(Qz F) o G)l, =p H[Qy(F{zr—y} o G,
o€ {N,V}
H{(Qe F) = G)l, =p HQy(F{r—=y} = G,
H[(F o (QeG))], =p H[Qy(F o G{z =y},
o€ {A,V,—}

Here y is always assumed to be some fresh variable and Q denotes the quantifier dual
to Q, ie.,V=dand d=V.

Skolemization

Intuition: replacement of dy by a concrete choice function computing y from all the
arguments y depends on.

Transformation =g
(to be applied outermost, not in subformulas):

Vay, ..., e,y F =g Yai,...,z, F{y— f(z1,...,2,)}

where f/n is a new function symbol (Skolem function).
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Together: F' =, G =% H
prenex prenex, no 3

Theorem 3.9 Let F, GG, and H as defined above and closed. Then
(i) F and G are equivalent.

(ii)) H = G but the converse is not true in general.

(iii) G satisfiable (w.r.t. ¥-Alg) < H satisfiable (w.r.t. ¥'-Alg) where ¥/ = (Q U
SKF, 1) if © = (, 10).

The Complete Picture

F =3 Quyr. .. Quun G (G quantifier-free)
=% Yoy, ..., o H (m <n, H quantifier-free)
k n;
:>E’NF \V/ZL'l,...,ZL‘m /\ \/LU
v =1 j=1
leave out ——

clauses C;
g

v~

F/
N ={Cy,...,Cy} is called the clausal (normal) form (CNF) of F.
Note: The variables in the clauses are implicitly universally quantified.

Theorem 3.10 Let F' be closed. Then F' |= F. (The converse is not true in general.)

Theorem 3.11 Let F' be closed. Then F' is satisfiable if and only if F' is satisfiable if
and only if N is satisfiable

Optimization
The normal form algorithm described so far leaves lots of room for optimization. Note
that we only can preserve satisfiability anyway due to Skolemization.

e The size of the CNF is exponential when done naively; the Tseitin transformation
we introduced already for propositional logic avoids this exponential growth.

e When we introduce a new predicate symbol in the Tseitin transformation, in most
cases, we need only one of the two implications of the equivalence.

e We want to preserve the original formula structure.

e We want small arity of Skolem functions (see next section).
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