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Exercise 12.1:

January 22, 2026

Compute all critical pairs for each of the following term rewrite systems:

1) {f(g(f(2))) = =,
flg(x)) = g(f(2)) }

(2) {f(z,z) =0,
f(z,9(x)) = c}

B) {f(f(zy),2) = flz, f(y,2)),
fl2,1) = x}

(4) {F(f(z,9),2) = flz, fy, 2)),
f(Lx) =z}

Which systems are locally confluent?

Exercise 12.2:
Let ¥ = (Q,0) be a signature; let R be a term rewrite system.

(1) Prove: If s —p t, then var(s) D var(t).

(2) Prove: If x € X is a variable, s € Ty(X) is a term such that z ¢ var(s), and

R =z ~ s, then R is not confluent.



Exercise 12.3:
A term rewrite system R is called right-reduced, if for every rule [ — r in R, r is irreducible
by R.

(1) Prove: If R is right-reduced and all right-hand sides of rules in R are ground, then
R is terminating.

(2) Give an example of a right-reduced term rewrite system R that is not terminating.

Exercise 12.4:
Find a polynomial ordering > over {n € N | n > 1} with linear polynomials such that

9(x) =z, h(z) = g(x), and f(g(x)) > g(h(f(2))).

Exercise 12.5:
Challenge Problem: Find a signature % containing at least one constant symbol, a set
of ¥-equations, and two terms s,t € Ty (X) such that

Ts({z1})/E |= VE(s = 1),

but
Ts({or,02})/E W V(s ~ 1)

where & consists of all the variables occurring in s and ¢t. (The variables in Z need not be
contained in {z1,z2}.)

Bring your solution to the tutorial on January 27 and compare it with the solution that is
discussed there. If you are still unsure afterwards whether your solution is correct or not,
feel free to ask the instructor after the tutorial. Your solution will not be graded.



