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Compute the standard and optimized clausal normal forms of the following first-order formu-
las:

1. JxVy (V2 (Pi(y, 2) V= f(z,y) = y) — (V2 (Pa(y, 2) A =Ps(z, y)))),
2. Vo (Vy (V2 (P(z,w,2)) — 3w (Q(z,y,w))) — R(z)) — S(y)).

Solution. The required CNFs can be computed by application of the transformations (=5=5=7)
and (=N Np=s= sx=p=J ), respectively.

1. F=3xVy (V2 (Pi(y, 2) V ~f(z,y) R y) — (V2 (Pa(y, 2) A ~Ps(x, y)))).
Standard CNF:

JzVy (V2 (Pi(y, 2) V ~f(z,y) = y) — (V2 (P2(y, 2) A =Ps(z,9))))
=p JoVyIz (Pi(y,z1) V ~f(z,y) = y) — (V2 (P2(y, 2) A ~Ps(,y))))
=p JxVyIz Ve (Pi(y,21) V ~f(z,y) = y) — (P2(y, 22) A ~P5(z,9)))
=5 VyIa Ve (Pi(y,21) V ~f(skfy, y) = y) — (Pa(y, 22) A ~P3(skf,, y)))
=s VyVze (Pi(y, skf., () V ~f(skfzy) = y) — (Pa(y, 22) A =Ps(skfy,v)))
=K VyVa (=(Pi(y, skf,, (v) V = f (skfy, y) = y) V (Pa(y, 22) A =P3(skf,, y)))
=k VyVa ((-Pi(y, skle (y)) A== f(skfy,y) = y) V (Pa(y, 22) A =Ps(skfy, y)))
=K VyVze (2Pi(y, skf., (y) A f(skfy,y) = y) V (Pa(y, 22) A ~P3(skf,, y)))
:>;r( VyVZQ ((_'P (y7 Skfz1( )) N PQ(y’ ZQ)) (_'Pl (yv Skle (y)) \% _'P3(5kfx’ y)) A

( (Skf ) ~Y \ PQ(yv 22)) A (f(Skfatvy) ) \% _'P3(Skfa:7y)>)7

where skf,(y1,...,yn) stands to denote the skolem function (constant, if n = 0) resulting
from skolemization of the variable z.

Hence, the CNF of the input formula F' is

CNF(F) = {ﬁpl(y’ Skle (y)) \ P2(?/7 22)7
—P1(y, skf, (y)) V —P3(skf,, y),
f(Skfmy) ~yV PQ(yv 22)7
f(Skf:my) ~RyvV _'P3(Skfx7y)}'



Optimized CNF:

(
= NNF E|$Vy(
=yNF 3z Vy (3
=Ayp JTVy(3
=>MS E|:L'Vy (3 (—|P1
=ps  JxVy((Fz-Pi(y,2) A f(z,y) =y)V (Vz Py

Jz ¥y (V2 (Pi(y, 2) V ~f(z,y) = y) — (V2 (P2(y, 2) A = Ps(z,9))))
Vz (Pi(y,2) V—f(z,y) = y) VVz (P(y,2) N —P3(z,y)))
z=(Pi(y,2) V= f(z,y) = y) V V2 (Pa(y, 2) A ~P3(2,y)))
z(=Pi(y,2) A f(z,y) = y) V V2 (Pa(y, 2) A —Ps(2,y)))
z (Y, 2) A f(2,y) = y) V (V2 Pa(y, 2) A =Ps(z,9)))

v ) (y,2) A =Ps(x,y)))
Fx1 Yy (321 ~Pi(y1, 21) A f(z1,91) = y1) V (Vze Pa(y1, 22) A = Ps(21,41)))

=5k Vy1 ((Fz1 ~Pi(yr, 21) A f(skfy,u1) = y1) V (Va2 Pa(yt, 22) A _'P3(Skfa:1 y1)))
=sk Yy (0PL(y, skf,, (1)) A f(skfy,v1) = y1) V (Va2 Pa(y1, 22) A = Ps(skfy,y1)))
=p Yy (0P(yr, skf., (y1) A f(skfe,v1) = y1) V V23 (Pa(y1, 23) A ﬁPg(skfm y1)))

=p Yy V' ((=Pi(y1, skf., (y1) A F(skfe 1) = y1) V (Pa(y1, 2') A ~Ps(skf,,, y1))
=% YV (=PL(y1, skf,, (1)) V Pa(y1, 7)) A (= Pu(y, skf,, (1)) V = Ps(skf,, y1)

)
YA
A (f(Skfwlayl) Ry VvV PQ(yb Z/)) A (f(Skleayl) ~uy Vv _'P3(5kfx17y1)))'

Hence, the CNF of the input formula F' is

2. F'=

CNF(F) = {=Pi(y1,skf,, (1)) V Pa(y1,2'),
_‘Pl(yla Skle (yl)) \ _'P?)(Skf:vl?yl)?
f(skfy ) =y V Pa(y1,2'),
J(skfy 1) = y1 vV —P3(skf,,,y1)}-

Va (Vy (V2 (P(z, w, 2)) — Fw (Q(z,y,w))) — R(x)) — S(y)).

Standard CNF.
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=P
=P
=P
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=
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Vo (Vy (V2 (P(z,w,2)) — Jw (Q(z, y,w))) — R(z)) — S(y))

Va (Vy (J21 (P2, w, 21) — Fw (Q(z,y, w))) — R(z)) — S(y))

Va (Vy (321 FJwr (P(z,w,21) — Qz,y,w1)) — R(z)) — S(y))

Va (Vy Vg (Jwr (P2, w, 22) — Q(z,y,w1)) = R(z)) — S(y))

Va (Vy Va Vws ((P(z, w, 22) — Q(z, y,w2)) — R(z)) — S(y))

Va 3y’ (Va2 Yws ((P(2, w, 22) — Q(Jf,y’,wg)) — R(z)) — S(y))

Vo Jy 32" ' (P2, w, 2') — Q(z,y',w')) — R(x)) — S(y))

Vo 32" 3w’ ((P(2,w, 2") — Q(z, skfy (z,y,w),w')) — R(z)) — S(y))

Vx((( (T, w, skf.(z,y,w)) — Q(z, skfy (z,y,w), skfyy (z,y,w))) — R(z)) — S(y))
Vo (((P(z, w, skf. (z,y,w)) — Q(z, skfy (z, y,w), skfyy (z,y,w))) = R(z)) — S(y))
Vo ((=P(z,w, sk (z,y,w)) V Q(z, skf, (z, y, w), skfy (z,y,w))) — R(z)) — S(y))
Va (~(=(=P(z, w, skf(z,y,w)) V Q(, skfy (2, y, w), skfyy (z,y,w))) V R(x)) V S(y))
Va (=((—=P(x,w, skf,(x,y,w)) A =Q(z, skfy/(a;,y w), skfy (z,y,w))) V R(z)) V S(y)
Va (= (==P(z, w, skf. (z,y, w)) A =Q(z, skfy (z,y, w), skfu (x,y,w))) A =R(z)) V S(y
Vo (m==P(z,w, skf (z,y, w)) V ~=Q(x, skfy, (z,y, w), skf,y (x,y,w))) A —=R(z)) V S(y))
( (QZ‘ w, Skfz (33‘ Yy, w )) v Q(ij Skfy’('rvva)’ Skfw’(xay7w )) N _\R(l‘)) v S(y )
((_'P(:E w, Skfz (:L‘ Yy, w )) \% Q(Jf, Skfy’(xava)7 Skfw’(mava)) v S( )) N (_'R(J:) V.S

Hence, the CNF of the input formula F' is

CNF(F) = {ﬁP(ZL’,’LU, Skfz’(xava)) v Q('% Skfy’(xv%w)v Skfw’(:C?%w)) v S(y),
—R(x) Vv S(y)}.



Optimized CNF.

= NNF
=NNF
=NNF
= NNF
=NNF
= NNF
=NNF
=MS
=MS
=MS
=MS

Vy (V2 P(z,w, 2) — 3w Q(x,y,w)) — R(x)) — S(y))
(Vy (V2 P(z,w,2) = JwQ(z,y,w)) — R(x))) V S(y))
(Vy (=(Vz P(z,w,2) — 3w Q(z,y,w)) V R(x))) V S(y))
(Vy (= (=(Vz P(z,w, 2)) V 3w Q(z,y,w)) V R(x))) V S(y))
(= (=(Vz P(z,w,2)) V3w Q(z,y,w)) V R(z)) V S(y))
(==(=(Vz P(z,w,2)) V Iw Q(z,y,w)) A ~R(z)) V S(y))
(=(Vz P(z,w,2)) V IwQ(z,y, w)) AN ~R(x)) V 5(9))
((Fz=P(z,w,z) VIwQ(z,y,w)) AN "R(zx)) V )
(Jy (Fz ~P(z,w,2) VIwQ(z,y,w)) A —~R(z)) V S(y))
((Fz=P(z,w,z) VIyJwQ(z,y,w)) A —~R(x)) V S(y))
( ) A=R(x)) Vv S(y)

) AVz—R(z)) V S(y)
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v (=
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Sy
Yy
Y
Vr ((3z-P(x,w, z) V Iy Jw Q(x,y, w)
(Vz (Iz =Pz, w, z) V Iy Jw Q(x, y, w)
rename variables:
(Vzy (321 2P (21, w, 21) V Jy1 Fwi Q(z1, y1,w1)) A Ve —R(z2)) V S(y)
(Va1 (= P(z1,w, skf,, (x1,y,w)) V Iy Jwy Q(z1,y1,w1)) A Ve ~R(z2)) V S(y)
(Vay (=P(x1, w, skf,, (z1,y,w)) V Jwy Q(x1, skfy, (x1,y,w),w1)) AVze ~R(x2)) V S(y)
(Vor (= P(21,w, skf,, (z1,y,w)) V Q(21, skfy, (z1,y,w), skfy, (21,9, w))) A Vze 2R(z2)) V S(y)
Vo (P (2, w, skf,, (21, y,w)) V Q(xY, skfy, (21, y, w), skfy, (21,y,w))) A Ve —~R(x2)) V S(y))
V) Vay (2 P2, w, skf, (21, y,w)) V Q(2Y, skfy, (x1, y,w), skfy, (21, y,w))) A —R(x5)) V S(y))
V921V=’E(2(( ('T(l);l; s ki, (@1, y, w)) V Q2 skfy, (21, y, w), sk, (21,9, w)) V S(y)) A
R(zg) v

Hence, the CNF of the input formula F' is

CNF(F) = {~P(z},w,skf, (z],y,w))V Q(], skf,, (@}, y, w), skfy,, (2], y,w)) vV S(y),

—R(x5) vV S(y)}-



